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Vortex Flow over a Flat Surface
with Suction

Kenicar NANBU*
Tohoku University, Sendai, Japan

Introduction

Y the use of momentum integral methods, Taylor! and
Cooke? calculated the laminar boundary-layer develop-
ment on the interior surface of a frustum of a cone, with a
potential vortex as the outer flow. Taylor’s swirl atomizer
problem has also been examined by means of similarity trans-
formations of the boundary-layer equations by Moore,?
Mager,? and Rott and Lewellen,® and in Ref. 3 it is concluded
that no valid solution can be found.  However, in Ref. 4 it is
noted that the valid solution may be found if the velocity
profile of secondary flow changes sign somewhere in the
boundary layer. Contrary to this, in Ref. 5 the existence of
similarity solution is denied by a simple and clear considera-
tion. Here, for simplicity we restrict our attention to the
vortex flow over an infinite flat surface, i.e., to the case when
the vertex angle of a cone is equal to 180°. For this problem,
even the complete Navier-Stokes equations have a similarity
solution only for a limited range of the Reynolds number.6—#
In this Note, we attempt to solve the boundary-layer equa-
tions under the boundary condition of distributed suction,
and show without any speculation to the singularity on the
vortex axis that a formal similarity solution can be obtained
for suction parameter greater than a certain value.

Analysis

The laminar similar boundary-layer equations for steady
incompressible flow with a potential vortex as the outer flow
are®

flll+f”+f’2—|—gz—1=0 (1)
gu +fg’=0 (2)

subject to the inner and outer boundary conditions

f0) =g, f(0) =f' (=) =0 .
g(0) =0, g(=) =

where primes attached to f and g denote differentiation with
respect to { = (2/r)(C/»)'?, » is kinematic viscosity, and
C/r is the swirl velocity of a potential vortex. The velocity
components (u,»,w) in the directions of cylindrical coordinates
(r,¢,2) are expressed as u = (C/r)f'(¢), v = (C/r)g(¢), and
w = (§f' — f)(Cv)¥2/r. The suction parameter o is equal to
—wor/ (Cr)172, where w, is the suction velocity at the surface.
Since o is set constant, wy is inversely proportional to r.
Equations (1) and (2) can be sclved after the manner of
Stuart.? We define n = o¢{ and introduce the following func-
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tions of 7:
F(n) = f(§)/a, Gl = g@) (4)
Substituting Eq. (4) into Eqgs. (1) and (2), we have
F'"' + FF" + F? +¢G*—1) =0 %
@+ FG' =0 ®

where € = o~% and primes attached to F and G denote dif-
ferentiation with respect to 1. Equation (3) becomes

F0) =1, F'(0) = F'(=) =0
G(O0) =0, G(») =

For e € 1 (ie., ! > 1), a solution of Eqs. (5) and (6) is
assumed of the form

F(n) = Fo(n) + eF1(n) + €Fe(n) + .

G(n) = Go(n) + Gri(n) + €Ge(n) + ...

The substitution of Eq. (8) into Eqs. (5-7) yields a set of dif-
ferential equations and boundary conditions fer F: and Gy,
the solutions of the first of which are Fy = 1, Gy = 1 —
¢~ ". Higher-order terms can be obtained in succession by
solving the linear differential equations. The sclutions up to
the second order are :

Fi= —F+ G+ 2me + e
Gi= (32— Ime™ — (F+ me™® — Jgem

Q)

®)

Fy= = 3008+ (— 3+ P + 2172)6"’ + (3 + B +
290 + (33 + 3 e + gfge™™
G = (Worss — $38n — $3nDe — (229 2000 +

e — (3t + &0 + nhe ¥ —
(s + Srme " — wn €

From these results, two components of wall shear stress
= uQu/d2)su0, T¢ = w(00/d2).0, and the total volume of
secondary flow

Q=21rrfomudz

can be calculated to yield

— 7/ [p(C/N20/C)1] = o7t + $8E 075 + 05 ™)

7o/ [p(C/1)*(@/C) ] = 6 — 507 — §F 67"+ O(s™™)  (9)
— Q/2mr(Cy)12 = =% + 2885 5~1 | O(g—11)

where u = pr and p is density of fluid.

The solutions of Eqs. (1-3) were obtained for ot > 1.
However, since there is no solution at ¢ = 0, we have to
solve these equations for moderate values of o and clarify the
limit of o, below which no solution exists. This is executed
numerically by the method by Nachtsheim and Swigert® on a
NEAC-2200-500 computer at the Computing Center of the
Tohoku University. It is found that the solutions are ob-
tainable only for ¢ = 1.74. For this range of o, the radial
velocity profiles are shown in Fig. 1 as compared with those
from Eq. (8). For ¢ = 3, the difference between two is in-
distinguishable visually. For circumferential velocity pro-
files, the difference between two is sufficiently small even at

Table 1 Boundary-layer quantities, compared with those
from Eq. (9) which are in parentheses

—/[p(C/ 76/1p(C/

o ) (»/C)1?] ) (/C)] —Q/2mr(Cy)\*
1.74  1.068 (0.9478) 1.602 (1.640) 0.6991 (0.4399)
2 0.8076 (0.7928) 1.937 (1.940) 0.2795 (0.2504)
3 0.5059 (0.5056) 2.984 (2.984) 0.06735 (0.06719)
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o = 1.74. The boundary-layer quantities obtained numeri-
cally are given in Table 1 as compared with those from Eq. (9).
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Shock and Vibration Isolation Using a
Nonlinear Elastic Suspension

T. E. Ssoup*
Rutgers University, New Brunswick, N. J.

HOCK and vibration problems in the aerospace and
transportation industries arise from many causes, such as
the isolation of instruments and controls or the protection of
human occupants of vehicles. The usual solution to these
problems involves the use of lightly damped flexible supports.
These soft supports cause the natural frequency of the sus-
pension system to be far below the disturbing frequency.
This solution is effective for the isolation of steady-state
vibration; however, when these suspensions encounter
shock excitation their softness often leads to damagingly large
deflections. It has been pointed out that this undesirable
feature is not present in suspension systems utilizing sym-
metrically nonlinear springs that harden.!—2 These springs
become progressively stiffer when subjected to large deflec-
tions from their “operating point.” A thorough discussion of
analysis methods for systems having nonlinear springs has
been made by Stoker.*
A number of ingenious ways have been developed to produce
nonlinear spring devices,*® but unfortunately many of these
are not symmetrical in behavior or are rather complex to con-
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Fig.1 The ‘““elastica’ suspension spring: a) single spring
pair; b) two spring pairs in parallel.

struct. As weight, cost, and reliability requirements become
more important, designers are forced to search for new ways to
improve existing designs by reducing the number of moving
parts in suspension systems. Because of its simple construc-
tion and symmetrically hardening behavior, the device shown
in Fig. 1a holds much promise as a shock and vibration iso-
lation mount. The purpose of this Note is to present informa-
tion for use in the design of suspension systems utilizing this
device.

Elastica Suspension Spring

The device shown in Fig. 1a consists of a pair of flexible
strips each having length L, elastic modulus E, and cross sec-
tion moment of inertia I. These two initially straight strips
are each clamped in a semicircular shape. As the center plat-
form is forced downward the upper flexible strip deflects into
a shape called the ‘“nodal elastica” and the lower strip de-
flects into a shape called the “undulating elastica.” The de-
scribing equations for these ‘“‘elastica’ curves are well known?
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Fig. 2 Nondimensional load-vs-deflection curve for the
““elastica’® suspension spring pair.



